The coefficient a of x n has been set equal to one for convenience.
0
If n is even all the roots may be complex numbers. If n is odd there must be at least one real root, in which case we start by finding this real root.
(a) Locating One Real Root for an Odd Polynomial.
We shall establish first the bound for all roots, which is given by the theorem UB(upper bound) = Max Jail + 1,
Where Max Jail is the greatest coefficient a,, (i = 1,2,...,n) in absolute value. Thus
Ki <UB.
Let us find two consecutive values of f(x) for real values of x, say f = f(xl) and f2 = f(x 2 )' where x, = -UB+ýx; x 2 = -UB+2Ax, and &x is an assigned step size of x, chosen sufficiently small that there is likely to be only one real root between -UB + kAx and -UB + (k + l) Ajc for any k. If f1 < 0 and f2 > 0 then the real root is between x 1 and x 2 . If f 1 and f 2 have the same sign, then compute f 3 and compare the signs of f 2 and f3 and so on.
Suppose that at some value x k+l, f changes sign, that is fk < 0 and fk+l > 0.
Then the real root xl is located between xk and Xkl, Xk <x < Xk+l" (b) Refining the Located Root by Newton's Method.
Let us call the first approximation to the root
The next approximation is then
and generally
The iteration continues until two consecutive values of P)becomes equal to each other within some small preassigned number. This establishes the first real root = x .
(c) Removing from f(x) the Known Real Root.
The next step is to remove this real root by synthetic decision, and find the coefficients bi of the depressed polynomial. f(x) my be written
Equating the coefficients of the sawe powers in both members of the above identity gives b =1. An even polynomial can always be factored into real quadratic factors.
Suppose that 2 x +px+q 6 is a real quadratic factor of f(x). Then f(x) may be written
Equating the coefficients of the same powers in both members of the above identity gives the coefficients bi of the reduced polynomial.
br = ar -Pbr.1 -qbr. 2 ; (r = 1,2 .... n-2).
In the case when the quadratic 2 x +px+q is not an exact factor of f(x), the factoring gives
Equating the coefficients of x gives S1 = bn-1; S 2 = bn + Pbn. 1 .
Bairstow devised an itere.tion scheme for improving the values of p and q, in such a way that the coefficients S1 and S2 and the remainder term R approach zero.
Bairstow Algorithm. Let p and ý be the exact values of the coefficients which will make S 1 and S 2 vanish. The approximate coefficients l and S 2 are functions of p and q and a Taylor series expansion (nonlinear terms being neglected) with p = p + Ap; q = q + Aq yields •113q
which, solved by Cramer's rule for Ap and Aq gives bn+l dn-3 dn-2 bn-i
Since the non-linear terms in the Taylor. expansion have been neglected
the iiew values of p and q p = p +Ap; q = q +Aq will not represent the true coefficients of the quadratic factor. We expect them to be better approximations than p and q in the sense that they will make S1 and S2 smaller. This procedure can be repeated until Si and S2 will vanish within some prescribed small number.
Initial Approximations.
The convergence of the Bairstow algorithm depends on the initial approximation being close enough to the true value. We have selected the following initial approximation to p dnd q: 
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